The energy surface of U(5)-symmetric nuclei is derived using the interacting boson model with the coherent state formalism and the technique of angular momentum projection. The energy surface is analyzed in terms of the angular momentum and the "deformation parameter". The U(5)-symmetric Hamiltonian with suitably chosen parameters proves able to describe the vibrational to rotational shape-phase transition along the yrast line in a nucleus. The phase diagram in terms of the angular momentum and the "deformation parameter" is given.
Recently the shape evolution has been an important topic in the research of nuclear structure. Some evidences of nuclear shape transition have been observed. For instance, several isotopes have been found to undergo shape-phase evolution from vibration to axial rotation or γ-unstable rotation as the number of neutrons vary [1, 2, 3, 4] . More excitingly, a vibrational to axially rotational shape transition along the yrast line of an individual nucleus has been observed [5] . Such shape change has been coined the nuclear shape-phase transition [1, 2, 3, 4, 6, 7, 8, 9, 10, 11, 12] . On the theoretical side, the interacting boson model (IBM) [3] has been proven to be successful in describing the shape-phase transition in a series of isotopes [2, 3, 4, 7, 8, 9, 10, 11] . Even though several attempts have been made (see for example Refs. [12, 4, 13] ), a satisfactory approach has not yet been well established to describe the shape-phase transition from vibration to axial rotation along the yrast line [5] . In particular, a phase diagram has not been obtained in terms of the angular momentum and the "deformation parameter". On the other hand, an energylevel statistical analysis showed that the vibrational and the axially rotational shapes may coexist in a U(5)-symmetric nucleus [14] . Conventional phase transition theory has shown that phase coexistence is a route for the first order phase transition to happen. The shape evolution of the states in U(5) symmetry may then be possible to exhibit the shape-phase transition. In this Letter, we shall derive and analyze the energy surface of nuclei with the U(5) symmetry in the original version of the IBM (IBM1) [3] . It will be shown that the U(5)-symmetric Hamiltonian with suitably chosen parameters yields an energy functional in the similar mathematical form as the Landau free-energy [15, 16] , and then provides a valid approach to describe the vibration to axial rotation shape-phase transition along the yrast line. Our model also predicts that a shape-phase transition may take place in the ground-state band.
In the original version of IBM (IBM1), the collective motion of a nucleus is described by the coherent state of s-and d-bosons, which hold angular momentum 0, 2, respectively.
The corresponding symmetry group is U(6), and possesses three dynamical symmetry limits, namely, U(5), O(6) and SU (3) . With the one-and two-body interactions among the bosons being taken into account, the Hamiltonian of U(5) symmetry may be written as [3] ,Ĥ
where C kG is the k-rank Casimir operator of a group G, and the parameters satisfy
when written in terms of the boson creation and annihilation operators. The IBM may be linked to the collective model of Bohr and Mottelson using the coherent state formalism [1, 3, 17, 18] . In IBM1, the intrinsic coherent state of a nucleus with N bosons is given by
Clearly, all components of d-bosons can be described by the two parameters β and γ, which have been shown proportional to the deformation parameters in the collective model [3] .
For instance, the relationsβ ≈ 0.15β andγ = γ hold for rare earth nuclei, whereβ 2 andγ are the quadrupole deformation parameters in geometric model. It is noted that the coherent state of Eq. (2) consists of all possible components of the d bosons. As a consequence, it is not an angular momentum eigenstate, but a superposition of states with all possible values of angular momentum. To investigate the ground-state band (or yrast band), we employ the technique of angular momentum projection [19, 20] using the projection operator
with M = K = 0. Then the energy functional (i.e. energy surface) of the state with angular momentum L in the ground-state band can be given as
With the rotation operator written explicitly, Eq. (4) becomes
where
is the reduced rotation matrix.
After some derivations, and considering that the deformation parameter β should be rather small for the vibrational to axially rotational (γ = 0) shape-phase transition of current interest, we can approximate the energy functional of Eq. (5) up to β 6 as
A 4 and A 6 are also functions of the interaction parameters ε, C 0 , C 2 , C 4 and the state indices N, L.
It follows from the principle of spectrum generation that L ∈ [0, 2N], ε > 0, while , it is difficult to discuss the variation characteristics analytically. We then illustrate the variation of A 4 and A 6 against L in Fig. 1 , when the parameters are taken as ε > 0, C 0 < 0, C 2 < 0 and (4C 2 + 3C 4 ) < 0.
It is easy to relate the coefficients in Eqs. (1a) and (1b) as ε = ε d + 5A + 4B + 6C,
may change from positive to negative as the angular momentum L increases. It becomes evident that the energy functional of Eq. (6) closely resembles the Landau free-energy [15, 16] in the theory of thermodynamic phase transition, with L and β playing the roles of "temperature" and "order parameter", respectively.
A more quantitative analysis is now in order for the energy functional (or energy surface) of Eq. (6) . If the parameters in the Hamiltonian (1a) are chosen as A > 0, we
Then the energy is minimized only at β = 0. The nucleus with such energy functional would always stay in a vibrational shape-phase. If A < 0, then α < 0 and L 0 > 0, so 
